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ABSTRACT 



During the past ten years there has been increasing interest in 

the solution of allocation- type problems* Published papers on the 
analytical solution of such problems have in the main been restricted 

to particular cases. 

This paper, while not offering an all-purpose algorithm* addresses 
the problem in general through the development of theorems giving 
necessary conditions for a given vector or function to be a solution* 
These conditions in many cases enable one to deduce the solution* 

The paper is presented in two parts* The first addresses the 
problem of maximizing a sum of n functions over an n-dimensional sim- 
plex* The second is concerned with the maximization of the (Lebesgae) 
integral of a functional over a class of integrable non-negative func- 
tions with common norm. 
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Introduction. 



During the past ten years there has been an increasing interest in 

the solution of allocation type problems — problems that are concerned 
with the distribution of available resources in a manner that will maxi- 
mize some sort of utility or payoff function. The resources may be 
defined in terras of men, materials, money, weight, or a myriad of other 
conceptual products over which some individual has control. The payoff 
may be in terms of dollars gained, losses to an opponent, expected value 
of a random variable, probability of the occurrence of an event, or a 
mixture of these and other factors. 

A fairly large literature has grown up around these allocation 
problems as they apply to many fields of endeavor such as target assign- 
ment, theory of search, theory of games, etc. However, most of what has 
been published has been in the form of particular solutions to particu- 
lar problems (or classes of problems). 

It is the purpose of this paper to set forth certain theorems which 
appear to be at the heart of nearly all analytical solutions to alloca- 
tion type problems. The theorems in Section 2 are not by any means 
original but have been used by mathematicians for years. These and 
Theorem V of Section 4 were first introduced to the author by Dr. J. M. 
Danskin of the Institute of Naval Studies in his lectures at the U. S. 
Naval Postgraduate School in the spring of 1963. Theorems VI, VII and 
VIII, while apparently never before published (at least not in this 
form), will be readily seen to be extensions of the basic concepts of 
Theorems II, III and IV respectively to the case of the Lebes gje inte- 
gral over E n . 
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It is hoped that a study of the theorems and examples of this 

paper will prepare the reader who is concerned with the analytical 
solution of allocation type problems to better extend the reasoning 
of the authors of papers attacking certain special problems, many of 
which are referenced, to his own particular problem or problem area. 

The order of development in this paper will be as follows s 

First, four theorems concerning the solution of finite allocation 
problems will be developed. 

Second, two examples of applications of the first four theorems 
will be worked out and a discussion of appropriate published references 
will be presented. 

Third, four theorems and a lemma concerning the case of the eon- 
tinuum will be developed. 

Fourth, two examples and a discussion of published references will 
be presented. 

I would like to express my gratitude for the encouragements, guid- 
ance, and inspiration which Professor Kenneth Lucas and Dr. John Banskin 
provided and without which this paper would not have been possible. 
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2 . 



The Finite Allocation Problem. 



In this section we shall develop four theorems concerning the ana- 
lytical solution of problems in which one desires to maximise the re- 
turn from the allocation of a fixed resource among a finite number of 
activities each of which has associated with it a known return function,, 
Suppose we have a finite number, n y of activities to which we wish 
to allocate resources available in a fixed quantity X* Suppose further 
that associated with each activity there is a function representing our 
gain upon allocation of resource to that activity. That is f^ (x) is 
the gain realized from the allocation of an amount x of our resource to 
the i'th activity. The problem we are concerned with is to maximize 
our total gain by the proper allocation of our resources. That is we 
wish to find the n-dimensional vector 'x 0 - (x^ 0 s ,X2° ) , • « oX ir| °) that maxi- 



mizes ) f,(x.) subject to the constraints 0 for all i 

Ll 1 1 

y x - X where x. represents the allocation to the i°th activity. 

fa 1 ~ 1 



Since the properties derived in the theorems are independent of X 9 
or the x.'s can be normalized, we shall assume henceforth that X s 1. 

We shall also assume that the functions f^ are twice continuously 
differentiable (the derivative being taken from the right at 0 and from 
the left at 1) in what follows. In all but Theorem IV this restriction 
is excessive. For the reader who encounters problems not meeting the 
above condition the allowable reduction of the restriction in Theorems 
I, II and III is readily apparent. 
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Theorem I. 
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(The problem and constraints set forth in the above hynothesis 
shall be referred to as "the basic problem” throughout the remainder of 
this section.) 

Proof* 



x E such that: 



> 0. 


Then construct 




x f - 
x i - 


x.o - f 
1 v 


where 


0 = 


x? - 
J 


V + e 


for saoe j 


1 -• 


x k ° 


for k 


£ 1 



Obviously x f is admissible. (Throughout this paper the tern 
admissible will refer to a function that satisfies the constraints 
applied in the statement of the problem to functions which may be con- 
sidered a solution.) 



h 

Let F(£) : Ylk (X k > :f i (V e)+f j (X i°+ £ > + 



k (K k O) 



-^O 



Since x maximizes the above sum F(£ ) achieves its maximum when 
£ z 0 and so we must have ?'(£) 



but: F (£) 






= 0 



= f!(x.°) -f^^o 
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